Taking into account the interplay between the disorder and Coulomb interactions, the phase diagram of three-dimensional anisotropic-Weyl semimetal is studied by renormalization group theory. It is well established that the weak disorder is irrelevant in 3D anisotropic-Weyl semimetal, while the strong disorder makes sense which drives a quantum phase transition from semimetal to compressible diffusive metal. The long-range Coulomb interaction is irrelevant in clean anistropic Weyl semimetal. However, we find that the long-range Coulomb interaction exerts a dramatic influence on the critical disorder strength for phase transition to compressible diffusive metal. Specifically, the critical disorder strength can receive prominent changes even though an arbitrarily small value of Coulomb interaction is included. This novel behavior is closely related to the anisotropic screening effect of long-range Coulomb interaction, and essentially results from the specifical energy dispersion of the fermions in three-dimensional anisotropic Weyl semimetal.
I. INTRODUCTION
In the fast-expanding field of topological phases of matter, various semimetals (SMs) have been attracting particular research interest. Major results consist of, among others, the predictions and/or realizations of three-dimensional Dirac semimetal (3D DSM) 1-3 , 3D Weyl semimetals (WSM) [3] [4] [5] [6] [7] [8] [9] [10] [11] , nodal line semimetal (NLSM) 3, 12, 13 etc.. A rich diversity of novel physics emerges in these materials. For instance, the chiral anomaly of WSM give rise to interesting features and phenomena, such as the negative magnetoresistance 14, 15 , planar Hall effect 16 anomalous thermoelectric response 17 , just to mention a few.
In these SM systems, the interplay of topological property, disorder, and interactions is at the core of the emergent phases of matter. For most of SMs, the Fermi surface is composed of discrete points in the Brillouin zone [1] [2] [3] , in contrast to the conventional metals which have large finite Fermi surface 18, 19 . Therefore, the density of states (DOS) vanishes at Fermi level in SMs. Accordingly, the Coulomb interaction is still long-ranged in SMs. The renormalization group (RG) studies revealed that the long-range Coulomb interaction can be marginally irrelevant [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] [33] [34] , irrelevant [35] [36] [37] , or relevant [38] [39] [40] [41] [42] [43] [44] , depending on the energy dispersion of the electronic excitations in SMs. On the other hand, compared with the conventional metal, the disorder introduced in SMs could play a different role, whose presence may drive a SM, through a continuous quantum phase transition (QPT), into a compressible diffusive metal (CDM) or other topological/trivial phases [45] [46] [47] . The combination of correlated electron interactions and disorder has fueled intensive effort to search for novel QPT . Actually, the interplay of long-range Coulomb interaction and disorder has been studied in 2D DSM [56] [57] [58] [59] [60] [61] [62] , 3D DSM/WSM 24, 63, 65 , 3D Luttinger SM 66,68 , 3D NLSM 67 , and 3D multi-WSMs 69 . For example, Nandkishore and Parameswaran found that the famous nonFermi liquid ground state can be induced by the longrange Coulomb interaction in the Luttinger semimetal, however it is inevitably destroyed once the disorder is included 66 . In this article, we study the QPTs of 3D anisotropicWeyl semimetals (AWSMs) driven by the long-range Coulomb interaction and disorder simultaneously. The energy dispersion of fermion excitations in 3D AWSM is linear with two momentum components, but quadratical with the third one 36, 70, 71 . 3D AWSM state can be obtained through fine tuning to the topological phase transition point between 3D WSM and normal band insulator 70, 71 . Yang et al. showed that the longrange Coulomb interaction is irrelevant in a clean 3D AWSM 36 , which is consistent with the pioneering work of Abrikosov 35 . The studies given by Roy 72 and Luo et al. 73 pointed out that the weak disorder is irrelevant in 3D AWSMs, but a QPT from SM to CDM will be induced at the critical disorder strength.
Due to the long-range Coulomb interaction is irrelevant in 3D AWSMs, it is naively expected that the Coulomb interaction will not play obvious role in the phase transitions occurred in disordered AWSMs. However, after performing concrete RG calculations, we find that the long-range Coulomb interaction has dramatic influence on the phase diagram of disordered AWSMs. Remarkably, we show that even in the presence of Coulomb interaction with arbitrarily small value, though, the critical disorder strength can receive a prominent modification in some conditions. We indicate that this novel behavior is closely related to the anisotropic screening effect of Coulomb interaction, and essentially results from the special energy dispersion of fermions in 3D AWSM essen-tially.
The structure of this paper is as follows. The model is described in Sec. II. In the Sec. III, we show the RG equations of the model parameters and the numerical results of the RG method. In this section, we illustrate the phase diagrams of disordered AWSMs with Coulomb interactions. After presenting these results, in Sec. IV we discuss the observables in various phases. In Sec. V, we discuss the physical implications of our results for candidate materials of 3D AWSMs. The main results are summarized in Sec. VI. The detailed derivations for the RG equations are presented in the Appendixes.
II. EFFECTIVE ACTION
The Hamiltonian of free 3D anisotropic Weyl fermions is given by 36, 70, 71 
where ψ represents two-component spinor, and σ 1,2,3 are the Pauli matrixes. v and A are model parameters. The energy dispersion of fermions takes the form
The Hamiltonian for the long-range Coulomb interaction between the fermions can be written as
where ρ(x) = ψ † (x)ψ(x) is the fermion density operator, e is the electric charge, and ǫ is the dielectric constant. The effective strength of long-range Coulomb interaction is defined as α = e 2 /vǫ. The action for the fermiondisorder coupling is
The quenched random field V j is taken as a Gaussian white noise distribution which satisfies V j (x) = 0 and
The Coulomb interaction can be treated by introducing a boson field φ through Hubbard-Stratonovich transformation 24, 29, 30, 36, 37, 69 . The disorder potential is averaged by adopting the replica method 57, 59, 61, 63, [65] [66] [67] [68] [72] [73] [74] . Accordingly, the total effective action can be written as
where g =
. η is utilized to parametrize the anisotropy of the Coulomb interaction. a, b = 1, 2, ..., n are the replica indexes. The limit n → 0 will be taken at the end of calculation. The type of disorder depends on the concrete expression of Γ j . The matrix Γ 0 = ½ corresponds to random scalar potential (RSP).
For Γ 1,2,3 = σ 1,2,3 , the types of disorder are the three components of random vector potential (RVP), which are dubbed as x-, y-, and z-RVP respectively in the following. The parameter ∆ j with j = 0, 1, 2, 3 represents the strength of disorder.
III. RENORMALIZATION GROUP RESULTS
In this section, we analyze the impact of Coulomb interaction and disorder for 3D AWSM by RG theory 18 . According to detailed derivations as shown in the Appendixes, the RG equations for the corresponding parameters take the form
where ℓ is the running length scale. The re-definition
→ ∆ i has been employed in the derivation of the RG equations. The parameters β and γ are defined as β = 
A. Only Coulomb interaction
If only Coulomb interaction is considered, the RG equations become
Dependence of α on the running length scale ℓ is shown in Fig. 1(a) . We can easily find that α approaches to zero quickly in the lowest energy limit, which represents that the Coulomb interaction is irrelevant. According to Figs. 1(b) and (c), v and A flow from the bare value v 0 and A 0 to two new constants, and only acquire quantitative increments. Thus, the behaviors of the observable quantities including DOS, specific heat etc. do not change qualitatively, but only receive quantitative corrections. This is a standard characteristic of Fermi Liquid. The flow diagram on the α-β plane is presented in Fig. 1(d) . It is obvious that (α, β) flows to the stable fixed points (α * , β * ) = (0, 1 2 ). The parameter γ satisfying γ = 8α 2 /70β approaches to zero quickly in the lowest energy limit. The finite fixed value β * = 1 2 is corresponding to anisotropic screening effect. Concretely, including the correction of the polarization Π(q ⊥ , q z ), the dressed long-range Coulomb interaction can be written as
which takes obviously anisotropic dependence on q ⊥ and q z . We employe the RG scheme with a momentum shell
36 , a momentum shell is imposed to the component k z . Although different RG schemes are adopted, the physical results shown in above are consistent well with Ref.
36

B. Only disorder
In this subsection, the numerical results considering disorder solely are displayed.
If only RSP is considered initially, the flows of ∆ 0 , ∆ 1 , ∆ 2 , ∆ 3 , v, and A are displayed in Figs. 2(a)-(f) respectively. If the initial value of RSP ∆ 00 is smaller than a critical value ∆ * 00 , ∆ 0 flows to zero in the lowest energy limit, which represents that RSP is irrelevant. ∆ 1 , ∆ 2 , and ∆ 3 are dynamically generated and increase with ℓ at the beginning, but start to decrease with ℓ if ℓ is large enough, and approach to zero finally. In this case, v and A only receive quantitative corrections and flow to new constants which are smaller than the initial values v 0 and A 0 . Accordingly, the SM phase is stable against the disorder in this case, and the observable quantities do not obtain qualitative modification. If ∆ 00 is larger than the critical value ∆ * 00 , ∆ 0 approaches to infinity at some finite energy scale. ∆ 1 , ∆ 2 , and ∆ 3 are dynamically generated and also flow to infinity finally. v and A flow to zero at the same finite energy scale. These behaviors are generally believed to signify that the system is driven to CDM phase 24, [72] [73] [74] [75] . The CDM is characterized by finite zero-energy disorder scattering rate γ 0 and accordingly finite zero-energy DOS ρ(0) which is determined by γ 0 . The critical value ∆ * 00 is an unstable fixed point, which corresponds to the quantum critical point (QCP) between SM and CDM phases. The numerical calculation exhibits that ∆ * 00 ≈ 0.324. A similar QCP was also found in 3D DSM or WSM through RG studies 24, 74, 75 . Whereas, RSP can be solely exist in 3D DSM or WSM, but x-, y-, or z-RVP are dynamically generated in 3D AWSM although only RSP is considered initially.
The flows of ∆ 0 , ∆ 1 , ∆ 2 , ∆ 3 , v, and A considering initially only x-RVP are depicted in Figs. 3(a)-(f) respectively. We find that there is a similar threshold value ∆ * 10 ≈ 0.626, which defines a QCP. If ∆ 10 < ∆ * 10 , ∆ 0 , ∆ 1 , ∆ 2 , and ∆ 3 all approach to zero finally, which indicates that the disorder is irrelevant and the SM is stable. If ∆ 10 > ∆ * 10 , ∆ 0 , ∆ 1 , ∆ 2 , and ∆ 3 all flow away, which represents the instability to CDM phase. If only y-RVP is included initially, we obtain similar results, which are not shown here.
If only z-RVP is included initially, it is found that RSP, x-RVP, and y-RVP are not dynamically generated, and z-RVP can exist solely. The dependence of is shown in Fig. 4 
C. Interplay of Coulomb interaction and disorder
In this subsection, we analyze the interplay of Coulomb interaction and disorder in 3D AWSM.
Dependence of ∆ 0 on ℓ considering initially both of RSP and long-range Coulomb interaction with different initial conditions is shown in Fig. 6 . It is clear that RSP is suppressed by long-range Coulomb interaction. For a given β 0 , there are two different cases determined by the initial value ∆ 00 . In the first case, ∆ 00 takes a relative small value, such as Figs. 6(a) and (c), then ∆ 0 always flows to zero even if α 0 takes arbitrarily small value. It represents that the system is always in SM phase once both of RSP and long-range Coulomb interaction are considered. For a large enough ∆ 00 , such as Figs. 6(b) and (d), ∆ 0 flows away if the Coulomb interaction takes a smaller initial value, but approaches to zero if the initial value of Coulomb interaction is larger than a critical value. It indicates that there is a QPT from CDM to SM phases with increasing of Coulomb interaction. Considering long-range Coulomb interaction and RSP initially, the phase diagrams on the plane of ∆ 00 and α 0 with different values of β 0 are shown in Figs. 7(a)-(d). The red point represents the QCP from SM to CDM phases considering only RSP initially. According to Fig. 7 , the CDM phase is compressed, but the SM phase is enlarged by long-range Coulomb interaction. There is a remarkable result: once long-range Coulomb interaction is also considered, the critical strength of RSP for the appearance of CDM receives a prominent increment, even if the initial value Coulomb strength α 0 takes arbitrarily small value. For larger β 0 , the suppression effect for RSP by long-range Coulomb interaction is more obvious. The parameter β is corresponding to the anisotropic screening effect of Coulomb interaction. It indicates that the remarkable suppression effect for RSP results form essentially the anisotropic screening effect of Coulomb interaction, which is contributed by the Feynman diagram Fig. 15(e) . If ∆ 00 is larger than a critical value, the system is in CDM phase for small α 0 , but restores SM phase if α 0 is larger enough. If both of long-rang Coulomb interaction and x-RVP are initially considered, the flows of ∆ 1 with different initial conditions are presented in Fig. 8 . For a given β 0 , there are three different cases. In the first case, such as Fig. 8(c) , ∆ 10 takes relatively small value. In this case, ∆ 1 always flows to zero if α 0 takes arbitrarily finite value, which indicates that the system is always in SM phase. In the second case, such as Figs. 8(b) and (d), ∆ 10 takes a large enough value. Accordingly, ∆ 1 flows away inevitably, which represents that the system is unavoidably driven to CDM phase. In the third case, as shown in Fig. 9(a) , ∆ 10 takes an intermediate value. In this case, ∆ 1 flows away if α 0 takes a smaller value, but approaches to zero if α 0 is larger than a critical value. It indicates that there is a QPT from CDM to SM with increasing of α 0 for the third case.
The phase diagrams considering long-range Coulomb interaction and x-RVP initially with different values of β 0 are depicted in Fig. 9 . The red point in Fig. 9 represents the critical value ∆ * 10 if only x-RVP is considered. We can find that the critical strength of x-RVP considering infinitesimal weak Coulomb interaction also has a finite difference with ∆ * 10 . However, for larger ∆ 10 , the system is always in CDM phase, and can not restore the SM phase by strong Coulomb interaction. For a narrow intermediate range of ∆ 10 , the system is in CDM phase for weak α 0 , but restores the SM phase if α 0 is large enough.
These behaviors are probably due to subtle interplay of several effects. Firstly, the Feynman diagram Fig. 15(e) leads the corrections
which represent that Fig. 15 (e) induces the suppression effect for RSP, but does not result in the correction for coupling of x-RVP and fermions. The contribution of 
which indicate that Fig. 15(d) does not lead correction for RSP but enhances x-RVP. The contribution of Fig. 15 (d) for x-RVP is the last term of Eq. (E7). Thirdly, the fermion self-energy induces renormalization of the parameters v and A, which could result in correction for ∆ i in the RG equations, due to that the effective disorder strength is determined by
. It should be noticed that the replacement
→ ∆ i has been employed in derivation for the RG equations. These three effects lead the term
for the RG equation of ∆ 0 as shown in Eq. (15) , and the term
for the RG equation of ∆ 1 given by Eq. (16) . The term (29) is always negative. Accordingly, these three effects results in that the Coulomb interaction suppresses RSP. According to Fig. 10 , the term shown in Eq. (30) is positive in a wide range of ζ. It represents that the three effects mentioned above could enhance x-RVP in some condition. Fourthly, RSP and x-RVP dynamically generate and enhance each other. The promotion effect between RSP and x-RVP may be suppressed as the generation of RSP is prevented by long-rang Coulomb interaction. The complex behaviors considering initially both of long-range Coulomb interaction and x-RVP are due to the competition of the four effects aforementioned. The phase diagram including both of long-range Coulomb interaction and y-RVP has similar characteristics. According to Fig. 10 , the term
is always negative. Thus, the long-range Coulomb interaction always tends to suppresses z-RVP. Considering initially both of long-range Coulomb interaction and z-RVP, the flow of ∆ 3 is presented in Fig. 11 . We find that for ∆ 30 > ∆ * 30 , ∆ 3 grows with lowering of the energy scale, but begins to decrease if the runing parameter ℓ is large enough, and always approaches to zero in the lowest energy limit. Thus, the system is always is in SM phase if both of long-range Coulomb interaction and z-RVP are considered. The remarkable suppression effect of long-range Coulomb for z-RVP should result from the specifical energy dispersion of 3D anisotropic Weyl fermions.
IV. OBSERVABLE QUANTITIES
In this section, we compare the behaviors of observable quantities including DOS and specific heat in SM and CDM phases.
A. DOS
In the SM phase, the retarded fermion propagator takes the form as
The spectral function is
where
which vanishes in the limit ω → 0. In CDM phase, the fermions acquire finite disorder scattering rate γ 0 . Accordingly, the retarded fermion propagator becomes
. (35) The spectral function can be written as
The corresponding DOS can be obtained through
In the limit ω ≪ γ 0 ≪ Λ, DOS is approximated as
It is clear that ρ(0) takes finite value in CDM phase.
B. Specific heat
In the SM phase,the fermion propagator in Matsubara formalism can be expressed as
where ω n = (2n + 1)πT with n being integers. The free energy of the fermions is
. (40) Carrying out the frequency summarization, one gets (41) which is divergent. In order to get a finite free energy, we redefine F f (T ) − F f (0) as F f (T ), and obtain
Using the formula
C v can be written as
In CDM phase, the fermion propagator in Matsubara formalism is given by
where ω ′ n = ω n + γ 0 sgn(ω n ). The free energy of the fermions is
In the low temperature regime, F f (T ) can be approximated as
In the regime T ≪ γ 0 ≪ Λ, we get
which is obviously different from Eq. (44).
V. PHYSICAL IMPLICATIONS
In this section, we discuss the potential implications of the theoretical results in the candidate physical systems for 3D AWSM and other related materials.
According to the study by Yang et al. 71 , 3D AWSM might be obtained at the topological QCP between normal band insulator and WSM, or at the QCP between normal band insulator and topological insulator in 3D noncentrosymmetric system. The theoretical studies predicted that 3D AWSM can be reached at the QCP between normal band insulator and topological insulator through turning pressure on BiTeI, in which the inversion symmetry is broken 70, 76 . The subsequent experimental measurements for pressured BiTeI through x-ray powder diffraction and infrared spectroscopy are consistent with the theoretical prediction 77 . The measurements of Shubnikov-de Haas (SdH) quantum oscillations also reveled the existence of pressure-induced topological QPT in BiTeI 78 . We expect that the theoretical results shown in Sec. III could be verified in the candidate materials for 3D AWSM by turning the strength of Coulomb interaction and disorder properly.
In 3D anisotropic DSM (ADSM), the dispersion of fermion excitations is also linear with two momentum components but quadratical with the third one 36 . Yang et al. showed that 3D ADSM can be obtained at the QCP between normal band insulator and topological 3D DSM, or at the QCP between 3D DSM and weak topological insulator or topological crystalline insulator 36 . The analysis of Yuan et al. exhibited that 3D ADSM state is possible to be realized in ZrTe 5 at the QCP between insulating and 3D DSM phases 79 . The experimental studies on pressured ZrTe 5 through SdH quantum oscillations showed the evidence of 3D ADSM state 80 . Recently, the experimental studies based on SdH quantum oscillations and high pressure x-ray diffraction exhibited that there is a QCP from 3D DSM to band insulator phases in Cd 3 As 2 with increasing of pressure 81 . The theoretical results shown above should also hold on in 3D ADSM, and are helpful for understanding the low energy behaviors of candidate materials of 3D ADSM.
Various unconventional fermions, including 2D Dirac fermions 82, 83 , 3D Weyl fermions 84, 85 , 3D double-and triple-Weyl fermions 86, 87 , 3D nodal line fermions 88 etc. can be realized in photonic crystal. 3D anisotropic Weyl fermions could be also obtained through properly designing the photonic crystal. In photonic crystal, the disorder can be introduced and controlled by speckled beam [89] [90] [91] . The fermions in photonic crystal are not influenced by Coulomb interaction. In contrast, in SM materials, the long-range Coulomb interaction is intrinsic. Therefore, the phase diagrams of 3D anisotropic Weyl fermions under the influence of disorder in photonic crystal and SM materials could take obvious differences, which may be verified experimentally in future.
VI. SUMMARY
In summary, the low energy behaviors of 3D AWSM under the influence of long-range Coulomb interaction and disorder are studied by RG theory. The system is in the SM phase, CDM phase, or at the unstable critical point, depending on the initial values of strength of Coulomb interaction and disorder. We find a very novel behavior: the critical disorder strength for driving the CDM phase can be remarkably increased in some conditions, even if the Coulomb strength takes arbitrarily small value, once the interplay of Coulomb and disorder is considered. This novel behavior is closely related to the anisotropic screening effect of Coulomb interaction, and essentially results from the particular dispersion of the fermions in 3D AWSM. The propagator of the 3D anisotropic Weyl fermions takes the form
.
The propagator of boson φ which represents the influence of Coulomb interaction is given by
Appendix B: Boson self-energy
As shown in Fig. 12 , the self-energy of boson field φ is defined as
′ represents that a momentum shell will be imposed in some proper way. Substituting Eq. (A1) into Eq. (B1), and taking the limit Ω = 0, we get
Performing the expansion of q i up to quadratical order, we obtain
Employing the transformations
and carrying out the integrations of E and δ within the ranges bΛ < E < Λ with b = e −ℓ and 0 < δ < +∞, Π(0, q) can be written as
where Appendix C: Fermion self-energy
As depicted in Fig. 13(a) , the self-energy of fermions induced by the Coulomb interaction takes the form
Substituting Eqs. (A1) and (A2) into Eq. (C1) and retaining the leading contributions, Σ C can be approximated as
We have dropped a constant term which does not depend on external energy and momenta. Utilizing the transformations (B4) and performing the integration of E, we obtain
with ζ = AΛ v 2 η . As displayed in Fig. 13(b) , the self-energy of fermions leaded by disorder scattering satisfies
Substituting Eq. (A1) into Eq. (C8), and employing the transformations (B4), Σ dis can be obtained as following 
Appendix D: Corrections to fermion-boson coupling
The correction to the fermion-boson coupling leaded by Feynman diagram Fig. 14(a) satisfies 
Appendix E: Corrections to fermion-disorder vertex
The correction from the Feynman diagram as shown in Fig. 15(a) is given by
The correction of Figs. 15(b) and (c) for the fermiondisorder coupling satisfies
There are ten choices for the values of i and j. As displayed in Fig. 15(d) , the correction to fermion-disorder vertices resulting from Coulomb interaction takes the form
The correction from Fig. 15 (e) can be written as
Substituting Eqs. (A1) and (A2) into Eqs. (E1)-(E5), we finally obtain
Appendix F: Derivation of the RG equations
The action of free 3D anisotropic Weyl fermions is
Considering the self-energy of fermions induced by Coulomb interaction and disorder-scattering, the action becomes 
Utilizing the transformations
3 j=0
the action of fermions can be written as
which has the same form as the action of free fermions.
Let
we get 
whereĀ, α, β, and γ are defined as
The re-definition
has been used in the derivation of the RG equations.
